Abstract We obtain a more precise version of an asymptotic formula of A. Dubickas for the number of monic Eisenstein polynomials of fixed degree d and of height at most H, as H → ∞. In particular, we give an explicit bound for the error term. We also obtain an asymptotic formula for arbitrary Eisenstein polynomials of height at most H.
Introduction
The Eisenstein criterion [4] is a simple well-known sufficient criterion to establish that an integer coefficient polynomial (and hence a polynomial with rational coefficients) is irreducible, see also [1] . We recall that [2] . Here we address this question again and obtain a more precise version of this result with an explicit error term. Using techniques different to those in [3] , we also obtain an asymptotic formula for the number of polynomials, whether monic or non-monic, that satisfy the Eisenstein criterion.
Theorem 1 We have,
where
We remark that our argument is quite similar to that of Dubickas [3] , and in fact the method of [3] can also produce a bound on the error term in an asymptotic formula for E d (H ). However we truncate the underlying inclusion-exclusion formula differently. This allows us to get a better bound on the error term than that which follows from the approach of [3] .
Furthermore, we obtain an asymptotic formula for the cardinality 
Notation
As usual, for any integer n ≥ 1, let ω(n), τ (n) and ϕ(n) be the number of distinct prime factors, the number of divisors and Euler function respectively (we also set ω(1) = 0). We also use μ to denote the Möbius function, that is,
Throughout the paper, the implied constants in the symbol 'O' may occasionally, where obvious, depend on the degree d. We recall that the notation U = O(V ) is equivalent to the assertion that the inequality |U | ≤ c|V | holds for some constant c > 0. In addition to using d to indicate the degree of a polynomial we retain the traditional use of d, the divisor, as the index of summation in some well-known identities.
Preparations
We start by deriving a formula for the number of monic polynomials for which a given positive number satisfies conditions that are similar, but not equivalent, to the Eisenstein criterion. Let s be a positive integer. Let G d (s, H ) be the set of monic polynomials (1) of height at most H and such that
It is easy to see that [3, Lemma 2] immediately implies the following result.
Lemma 3 For s ≤ H , we have
We now derive a version of Lemma 3 for arbitrary polynomials. Let H d (s, H ) be the set of polynomials (1) of height at most H and such that
We also use the well-known identity
see [5, Section 16.3] . We now define the following generalisation of the Euler function,
and use the following well-known consequence of the sieve of Eratosthenes.
Lemma 4 For any integer s ≥ 1, we have
Proof Using the inclusion-exclusion principle we write
Therefore,
Recalling (2) and that
see [5, Theorem 264] , we obtain the desired result.
We also recall that
as s → ∞, see [5, Theorem 317]. 
Next we obtain an asymptotic formula for #H d (s, H ).

Lemma 5 For s ≤ H , we have
We now consider the admissible values of a 0 . Writing a 0 = sm with an integer m satisfying |m| ≤ H/s and gcd(m, s) = 1 we see from Lemma 4 that a 0 takes
distinct values. Lemma 4 also implies that a d takes
distinct values.
Combining (4), (5) and (6) we obtain
Hence, using the trivial bound ϕ(s) ≤ s and that by (3) we have 2 ω(s) = O(H ), we see that
Substituting into (7), and using that ϕ(s) ≤ s again, we obtain
Taking into account that s ≤ H , we conclude the proof.
Proof of Theorem 1
We now prove the main result for monic Eisenstein polynomials. The inclusion-exclusion principle implies that
Substituting the asymptotic formula of Lemma 3 for #G d (s, H ), yields 
We also have
Recalling (3) 
Substituting (9), (10), (11) and (12) into (8), we conclude the proof.
Proof of Theorem 2
The inclusion exclusion principle implies that 
